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Po $i$ ncar \’e di sk
$1\langle x,$ $y)|x^{2}+y^{2}$ El $\}$ , $dd \Leftrightarrow\frac{\ell(dx’*dy^{g})}{l-(r^{p}*yl)}$ :metr ic
2 Minkowski space
Minkowski hyperbolic
$\mathbb{R}^{n+1}=\{(x_{0}, x_{1}, \ldots,x_{n})|x_{i}\in \mathbb{R}(i=0,1, \ldots, n)\}$ $(n+1)$
$x=(x_{0}, x_{1}, \ldots, x_{n}),$ $y=(y_{0},y_{1}, \ldots, y_{n})\in \mathbb{R}^{n+1}$
$\langle,$ $\rangle$
$\langle x,y\rangle=-x_{0}y_{0}+\sum_{i=1}^{n}$ xiyi
$(\mathbb{R}^{n+1}, \langle, \rangle)$ $(n+1)$ Minkowski $\mathbb{R}_{1}^{n+1}$
Minkowski $x$ $\Vert x\Vert=\sqrt{|\langle x,x\rangle|}$ $v\in$
$\mathbb{R}_{1}^{n+1}\backslash \{0\}$ spacelike, timelike, lightlike $\langle v,$ $v\rangle>0,$ $\langle v,v\rangle<$
$0,$ $\langle v,$ $v\rangle=0$ $0$ ( )
( ) Milikowski hyperplane
$v\in \mathbb{R}_{1}^{n+1}\backslash \{0\}$ $c$
$HP(v, c)=\{x\in \mathbb{R}_{1}^{n+1}|\langle x,v)=c\}$
Hyperplane $HP(v, c)$ spacelike, timelike, lightlike
$v$ timelike, spacelike, lightlike ( ) $n$
hyperbolic
$H_{+(-)}^{n}(-1)=\{x\in \mathbb{R}_{1}^{n+1}|(x,$ $x\rangle=-1,$ $x_{0}>0(x_{0}<0)\}$
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$H^{n}(-1)=H_{+}^{n}(-1)\cup H_{-}^{n}(-1)$ $n$ de Sitter
$S_{1}^{n}=\{x\in \mathbb{N}_{1}^{n+1}|\langle x,x)=1\}$
( ) $n$ lightcone
$LC_{+(-)}^{*}=\{x\in \mathbb{R}_{1}^{n+1}|\langle x,x\rangle=0, x_{0}>0(x_{0}<0)\}$
$LC^{*}=LC_{+}^{*}\cup LC_{-}^{*}$
Minkowski hyperplane $n$ hyperbolic
$HP(v, c)\cap H_{+}^{n}(-1)=\{x\in \mathbb{R}_{1}^{n+1}|\langle x, v\rangle=c, \langle x, x\rangle=-1\}$ $(v\in \mathbb{R}_{1}^{n+1}\backslash \{0\}, c\in \mathbb{R})$
$HQ_{h}(v, c)$ hyperquadric $v$ timelike, spacelike, lightlike
elliptic hyperquadric (hypersphere), hyperbolic hyperquadric
(equidistant hypersurface), parabolic hyperquadric (hyperhorosphere)
$HE_{h}(v, c),$ $HH_{h}(v,c),$ $HS_{h}(v, c)$ $c=0$ hyperbolic hyperquadric
flat hyperbolic hyperquadric (hyperplane)
Minkowski hyperplane $n$ de Sitter
$HP(v, c)\cap S_{1}^{n}=\{x\in \mathbb{R}_{1}^{n+1}|\langle x, v\rangle=c, \langle x,x\rangle=1\}(v\in \mathbb{R}_{1}^{n+1}\backslash \{0\}, c\in \mathbb{R})$
$HQ_{d}(v, c)$ hyperquadric $v$ timehke, spacelike, lightlike
elliptic hyperquadric, hyperbolic hyperquadric, parabolic hy-
perquadric (de Sitter hyperhorosphere) $HE_{d}(v, c),$ $HH_{d}(v, c),$ $HS_{d}(v, c)$







$\theta=0$ $H^{n}$ (-sxn5 $\theta$ ) $=S_{1}^{n}(\sin^{2}\theta)=LC^{*}\cup\{0\}$ $\theta=\frac{\pi}{2}$
$H^{n}(-\sin^{2}\theta)=H^{n}(-1),$ $S_{1}^{n}(\sin^{2}\theta)=S_{1}^{n}$
3 Slant geometry on Hyperbolic space
hyperbolic slant geometry
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3.1 Differential geometry of hypersurfaces in hyperbolic space
$H_{+}^{n}(-1)$ hypersurface $U\subset \mathbb{R}^{n-1}$ $u=$
$(u_{1}, \ldots,u_{n-1})$ $x^{h}$ : $Uarrow H_{+}^{n}(-1)$ embedding $x^{h}(U)$
$\Lambda f_{h}$ $x^{d}$ $x^{d}(u)\in S_{1}^{n}$
$\cos\theta x^{h}(u)\pm x^{d}(u)\in S_{1}^{n}(\sin^{2}\theta)$
$N_{\theta}^{d\pm}:Uarrow S_{1}^{n}(\sin^{2}\theta)$
$u\mapsto\cos\theta x^{h}(u)\pm x^{d}(u)$
$x^{h}$ $\theta$-de Sitter Gauss indicatrix $\theta=0$
$N_{\theta}^{d\pm}=x^{h}\pm x^{d\text{ }}\theta=\frac{\pi}{2}$ $N_{\theta}^{d\pm}=\pm x^{d}$ [2]
$V)$ horizontal geometry hyperbolic Gauss indicatrix, vertical geometry de Sitter
Gauss indicatrix
$v\in S_{1}^{n}(\sin^{2}\theta)$
$HP(v, -\cos\theta)\cap H_{+}^{n}(-1)=\{x\in \mathbb{R}_{1}^{n+1}|\langle x,v\rangle=-\cos\theta, \langle x,x\rangle=-1\}$
$HQ_{h}(v, -\cos\theta)$ $\theta-flat$ hyperbolic hyperquadric $\theta-flat$
hyperbolic hyperquadric $\theta=0$ parabolic hyperquadric (hyperhorosphere)
$HS_{h}(v, -1)$ $\theta=\frac{\pi}{2}$ flat hyperbolic hyperquadric (hyperplane) $HH_{h}(v,0)$
$\theta-flat$ hyperbolic hyperquadric
Proposition 3.1. $N_{\theta}^{d\pm}$ hypersurface $MM_{h}$ $\theta-flat$ hyperbolic $hyperarrow$
quadric
Euclidian differential geometry Gauss
hyperplane $\theta-flat$ hyperbolic hyperquadric
slant geometry $|$ Euclidian differential geometry hyperplane $\ovalbox{\tt\small REJECT}$
$dx^{d}(u),$ $dN_{\theta}^{d\pm}(u)$ $T_{u}U$ $T_{p}\Lambda f_{h}$ $U$ $\Lambda f_{h}$
embedding $x^{h}$ $dx^{d}(u),$ $dN_{\theta}^{d\pm}(u)$ : $T_{p}\Lambda f_{h}arrow T_{p}M_{h}$
$dN_{\theta}^{d\pm}(u)=\cos\theta id_{T_{p}A}i_{h}\pm dx^{d}(u)$
$S_{\theta}^{d\pm}(p):=-d\mathbb{N}_{\theta}^{d\pm}(u)$ $M_{h}$ $P$
$\theta$-de Sitter shape operator
$A_{p}:=-dx^{d}(u)$ $\Lambda f_{h}$ $P$ de Sitter shape operator
$\overline{\kappa}_{\theta}^{d\pm}(p),$
$\kappa_{p}$
$S_{\theta}^{d\pm}(p)=-\cos\theta id_{T_{p}j1f},$. $\pm A_{p}$
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$v$ $S_{\theta}^{d\pm}(p)$ $A_{p}$
$\overline{\kappa}_{\theta}^{d\pm}(p)=-\cos\theta\pm\kappa_{p}$ $K_{\theta}^{d\pm}(u):=\det S_{\theta}^{d\pm}(p)$ $M_{h}$
$p$
$\theta$-de Sitter Gauss-Kronecker curvature $K_{d}(u):=\det A_{p}$
$M_{h}$ $p$ de Sitter Gauss-Kronecker curvature




hypersurface $Af_{h}$ totally umbilic $\Lambda f_{h}$ umbilic point
Totally unibilic




$(a)0<|\kappa|=|\overline{\kappa}_{\theta}^{d\pm}+\cos\theta|<1$ $\Lambda f_{h}$ hyperbolic hyperquadric
$(b)1<|\kappa|=|\overline{\kappa}_{\theta}^{d\pm}+\cos\theta|$ $\Lambda f_{h}$ elliptic hyperquadric
$(c)|\kappa|=|\overline{\kappa}_{\theta}^{d\pm}+\cos\theta|=1$ $\Lambda f_{h}$ pambolic hyperquadric
$(d)\kappa=\overline{\kappa}_{\theta}^{d\pm}+\cos\theta=0$ $\Lambda f_{h}$ flat hyperbolic hyperquad $c$
(2) $\overline{\kappa}_{\theta}^{d\pm}=0$ $\Lambda f_{h}$ $\theta-flat$ hyperbolic hyperquadric
Umbilic point $p$ $\overline{\kappa}_{\theta}^{d\pm}(p)=0$ $\theta^{\pm}-flat$ point
$i$ $x_{u_{i}}^{h}$ spacelike $g_{ij}(u):=\langle x_{u_{1}}^{h}(u),x_{u_{j}}^{h}(u)\rangle$
$f_{h}$ Riemann ($x^{h}$ hyperbolic )







Proposition 3.3 ( $\theta$-Weingarten ). $(g^{kj})=(g_{kj})^{-1},$ $((\overline{h}^{\theta\pm})_{j}^{i})=(\overline{h}_{ik}^{\theta\pm})(g^{kj})$
$N_{\theta u_{l}}^{d\pm}=-\sum_{j=1}^{n-1}(\overline{h}^{\theta\pm})_{j}^{i}x_{u_{j}}^{h}$
$\theta$- $((\overline{h}^{\theta\pm})_{j}^{i}(u))=-\cos\theta I\pm(h_{ik}(u))(g^{kj}(u))$




$\Lambda f_{h}$ $p=x^{h}(u)$ $K_{\theta}^{d\pm}(u)=0$ $\theta^{\pm}$ -parabolic point
3.2 $\theta$-height function




$\theta=0$ horizontal geometry lightcone height function
$\theta=\frac{\pi}{2}$ vertical geometry de Sitter height function [2] $\theta$-height
function
Proposition 3.5. (1) $H_{\theta}^{d}(u, v)=0$ $\mu,$ $\xi_{1},$ $\ldots,$ $\xi_{n-1}\in \mathbb{R}$
$v=\cos\theta x^{h}(u)+\mu x^{d}(u)+\sum_{i=1}^{n-1}\xi_{i}x_{u_{i}}^{h}(u)$
(2) $H_{\theta}^{d}$ (u, v) $= \frac{\partial H_{\theta}^{d}}{\partial u_{1}}$ $( u, v)=\cdots=\frac{\partial H_{\theta}^{d}}{\partial u_{n-1}}$ (u,v) $=0$ $+$
$v=\cos\theta x^{h}(u)\pm x^{d}(u)=N_{\theta}^{d\pm}(u)$
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$v_{0}\in S_{1}^{n}(\sin^{2}\theta)$ $\theta$-height function $h_{\theta v_{0}}^{d}$
$h_{\theta v_{0}}^{d}$ : $Uarrow \mathbb{R}$ , $h_{\theta v_{0}}^{d}(u):=H_{\theta}^{d}(u,v_{0})$
$h_{\theta v_{\text{ }}}^{d}$ $u$ $Hess(h_{\theta v_{\text{ }}}^{d})(u)$
Proposition 3.6. $v_{0}^{\theta\pm}=N_{\theta}^{d\pm}(u_{0}),$ $p=x^{h}(u_{0})$
(1) $P$ $\theta^{\pm}$ -parabolic point $+$ det Hess $(h_{\theta v_{0}^{\theta\pm}}^{d})(u_{0})=0$
(2) $P$ $\theta^{\pm}$ -flat point $+$ rank $Hess(h_{\theta v_{O}^{\theta\pm}}^{d})$(uo) $=0$
3.3 $\theta$-de Sitter Gauss indicatrix as wave front
$F$ :($\mathbb{R}^{k}\cross \mathbb{R}^{n}$ , (uo, vo)) $arrow(\mathbb{R}, 0)$ Morse $\Delta^{*}F$ : $(\mathbb{R}^{k}\cross$
$\mathbb{R}^{n}$ , (uo,vo) $)arrow(\mathbb{R}^{k+1},0)$ $\Delta^{*}F:=(F, \frac{\partial F}{\partial u_{1}}, \ldots, \frac{\partial F}{\partial u_{k}})$ $\Delta^{*}F$
$n-1$
$\Sigma_{*}(F):=\{(u, v)\in(\mathbb{R}^{k}\cross \mathbb{R}^{n}, (u_{0}, v_{0}))|F(u,v)=\frac{\partial F}{\partial u_{1}}(u, v)=\cdots=\frac{\partial F}{\partial u_{k}}(u, v)=0\}$
$\mathcal{L}_{F}$ :( $\Sigma_{*}(F)$ , (uo, vo $)$ ) $arrow PT^{*}\mathbb{R}^{n}$ ,
$\mathcal{L}_{F}$ ( $u$ , $v$ ): $=( v, [\frac{\partial F}{\partial v_{1}} (u, v): . . . :\frac{\partial F}{\partial v_{n}}(u, v)])$
Legendrian immersion germ $\theta$-height function $H_{\theta}^{d}$
Proposition 3.7. $\theta$ -height function $H_{\theta}^{d}$ $(u, v)\in\Sigma_{*}(H_{\theta}^{d})$ Morse
$\theta$-height function $H_{\theta}^{d}$
$\Sigma_{*}(H_{\theta}^{d})=(\Delta^{*}H_{\theta}^{d})^{-1}(0)=\{(u, v)\in U\cross S_{1}^{n}(\sin^{2}\theta)|H_{\theta}^{d}(u,v)=H_{\theta u}^{d}:(u,v)=0\}$
Proposition 3.5 $\Sigma_{*}(H_{\theta}^{d})=\{(u, N\theta d\pm(u))|u\in U\}$
Legendrian immersion germ $\mathcal{L}_{\theta}^{d\pm}$ $v^{\theta\pm}=$
$N_{\theta}^{d\pm}(u)$ $\mathcal{L}_{\theta}^{d\pm}$ wave front $\theta$-de Sitter Gauss indicatrix
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3.4 Contact with $\theta$-flat hyperbolic hyperquadric
hypersurface $\Lambda f_{h}$ $\theta-fl$at hyperbolic hyperquadric
Montaldi [6]
$X_{i}$ , $(\mathbb{R}^{n}, y_{i})$ $\dim X_{1}=\dim X_{2},\dim Y_{1}=\dim$ Y2
$X_{1}$ , $Y_{1}$ $y_{1}$ $X_{2}$ , $Y_{2}$ $y_{2}$
$\Phi$ : $(\mathbb{R}^{n}, y_{1})arrow(\mathbb{R}^{n}, y_{2})$ $\Phi(X_{1})=X_{2},$ $\Phi(Y_{1})=Y_{2}$
$K(X_{1}, Y_{1}:y_{1})=K(X_{2}, Y_{2}:y_{2})$
Montaldi $\mathcal{K}$-
Theorem 3.8 (Montaldi). $X_{i}$ , $\mathbb{R}^{n}(i=1,2)$ $\dim Y_{i}=n-1$
$f_{i}$ : $(\mathbb{R}^{n}, y_{i})arrow(\mathbb{R}, 0)$ $f_{i}^{-}(0)=Y_{i}$ submersion $g_{i}$ : $(U_{i},x_{i})arrow(\mathbb{R}^{n}, y_{i})$
$g_{i}(U_{i})=X_{i}$ immersion $K(X_{1}, Y_{1} :y_{1})=K(X_{2}, Y_{2} :y_{2})$
fiogl $f_{2}\circ g_{2}$ $\mathcal{K}$ -
Montaldi[6] $Y_{i}$
$x^{h}$ : $Uarrow H_{+}^{n}(-1)$ hypersurfaoe $0 \leq\theta\leq\frac{\pi}{2}$ $S_{1}^{n}(\sin^{2}\theta)\ni$ vo
$\text{ _{}\theta v_{\text{ }}}^{d}$ : $H_{+}^{n}(-1)arrow \mathbb{R}$ $|]_{\theta v_{\text{ }}}^{d}(x);=\langle x,$ $v$0 $\rangle+\cos\theta$
$\text{ _{}\theta vo^{-1}}^{d}(0)=\{x\in H_{+}^{n}(-1)|\langle x,v_{0}\rangle=-\cos\theta\}=HQ_{h}(v_{0}, -\cos\theta)$
$\text{ _{}\theta v_{\text{ ^{}-1}}}^{d}(0)$ $\theta-flat$ hyperbolic hyperquadric $N_{\theta}^{d\pm}$ (uo) $=v_{0}^{\theta\pm}\in$
$S_{1}^{n}(\sin^{2}\theta)$ $\text{ _{}\theta v_{0}^{\theta\pm^{-1}}}^{d}(0)$ hypersurface A$f_{h}=x^{h}(U)$ $p=x^{h}(u_{0})$
$\theta$dvO$\theta\pm$ (U) $THQ_{h}^{\pm}(x^{h}$ , uo; $\theta)$ tangent $\theta-flat$ hyperbolic
hyperquadric
$i=1,2$ $x_{i}^{h}$ : $(U, u_{i})arrow(H_{+}^{n}(-1), x_{i}^{h}(u_{i}))$ hypersurface $x_{i}^{h}$ $\theta-$
de Sitter Gauss indicatrix germ $N_{\theta i}^{d\pm},$ $\theta$-height function $H_{\theta i}^{d}$ $u_{i}$
$v_{i}^{\theta\pm}=N_{\theta i}^{d\pm}(u_{i})$ $\theta$-height function $h_{i,v_{j}^{\theta\pm}}^{\theta}$ Legendrian
immersion germ $\mathcal{L}_{\theta i}^{d\pm}$
Theorem 3.9. 2 hypersurface $x_{i}^{h}$ Legendrian immersion gem $\mathcal{L}_{\theta i}^{d\pm}$
Legendrian
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1. $N_{\theta 1}^{d\pm}$ $N_{\theta 2}^{d\pm}$ $\mathcal{A}$-
2. $\mathcal{L}_{\theta 1}^{d\pm}$ $\mathcal{L}_{\theta 2}^{d\pm}$ Legendrian
3. $H_{\theta 1}^{d}$ $H_{\theta 2}^{d}$ $\mathcal{P}-\mathcal{K}$-
4. $h_{1,v_{1}^{\theta\pm}}^{\theta}$ $h_{2,v_{2}^{\theta\pm}}^{\theta}\ovalbox{\tt\small REJECT} f\mathcal{K}$-
5. $K(x_{1}^{h}(U), THQ_{h}^{\pm}(x_{1}^{h}, u_{1};\theta):x_{1}^{h}(u_{1}))=K(x_{2}^{h}(U),THQ_{h}^{\pm}(x_{2}^{h}, u_{2};\theta):x_{2}^{h}(u_{2}))$
Hypersurface $x^{h}$ $u0$ $\in U$ $(x^{h^{-1}}(THQ_{h}^{\pm}(x^{h}, u0;\theta)), uo)$ $x^{h}$ posi-
tive(negative) tangent $\theta-flat$ hyperbolic hyperquadrical indicatrix germ
$N_{\theta}^{d\pm}$ $\mathcal{A}$-
3.5 Hyperbolic Monge forms
[2] $H_{+}^{n}(-1)$ hypersurface hyperbolic Monge form (H-
Monge form) $n=3$
$U$ $\mathbb{R}^{2}$ $0$ $f:Uarrow \mathbb{R}$ $f(O)=0,$ $f_{u_{i}}(0)=0(i=1,2)$
H-Monge fornl $x_{f}^{h}$ : $Uarrow H_{+}^{3}(-1)$
$x_{f}^{h}(u):=$ $($ $f^{2}(u)+u_{1}^{2}$ $u_{2}^{2}+1,$ $f(u),$ $u_{1},$ $u_{2})$
$H_{+}^{3}(-1)$ surface H-Monge form
[2] $x_{f}^{h}(0)=(1,0,0,0),$ $x_{f}^{d}(0)=(0, -1,0,0)$
$0 \leq\theta\leq\frac{\pi}{2}$
$\theta$ $N_{\theta}^{d\pm}(0)=(\cos\theta, \mp 1,0,0)$ $x_{f}^{h}(0)=p,$ $N_{\theta}^{d\pm}(0)=$
$v_{0}^{\theta\pm}$ $v_{0}^{\theta\pm}$ $\theta-flat$ hyperbolic quadric $HQ_{h}(v_{0}^{\theta\pm}, -\cos\theta)$ H-Monge form




$\theta=\frac{\pi}{2}$ flat hyperbolic quadric (plane) H-Monge form
$\theta$ $0$ parabolic quadric (horosphere) H-Monge form
$x_{HQ_{h}^{\pm}}^{\theta}(U)$ $p$ $x_{f}^{h}(U)$ $x_{HQ_{h}^{\pm}}^{\theta}(U)$ $x_{f}^{h}$
$p=x_{f}^{h}(0)$ tangent $\theta-flat$ hyperbolic quadric $THQ_{h}^{\pm}(x_{f}^{h}, 0;\theta)$ $x_{f}^{h}$
tangent $\theta-flat$ hyperbolic quadrical indicatrix
$x_{f}^{h^{-1}}(THQ_{h}^{\pm}(x_{f}^{h}, 0;\theta))=\{u\in U|\pm f(u)=\frac{\cos\theta}{\sin^{2}\theta}(1-\sqrt{1+\sin^{2}\theta(u_{1}^{2}+u_{2}^{2})})\}$
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4 slant geometry on de Sitter space
de Sitter slant geometry
4.1 Differential geometry of spacelike hypersurface in de Sitter space
$S_{1}^{n}$
. spacelike hypersurface $U\subset \mathbb{R}^{n-1}$ $u=$
$(u_{1}, \ldots,u_{n-1})$ $x^{d}$ : $Uarrow S_{1}^{n}$ embedding $x^{d}(U)$ $\Lambda f_{d}$
$x^{d}$ spacelike hypersurface $x_{u_{i}}^{d}$
spacelike $x^{h}$ $x^{h}(u)\in H^{n}(-1)$
$\cos\theta x^{d}(u)\pm x^{h}(u)\in H^{n}(-\sin^{2}\theta)$
$\mathbb{N}_{\theta}^{h\pm}:Uarrow H^{n}(-\sin^{2}\theta)$
$u\mapsto\cos\theta x^{d}(u)\pm x^{h}(u)$
$\theta$-hyperbolic Gauss image of $x^{d}$ $\theta=0$
$N_{\theta}^{h\pm}=x^{d}\pm x^{h\text{ }}\theta=\frac{\pi}{2}$ $N_{\theta}^{h\pm}=\pm x^{h}$ [5] lightcone
Gauss image $(\theta=0)$ , hyperbolic Gauss image $( \theta=\frac{\pi}{2})$
spacelike hyperplane $n$ de Sitter
$HP(v, \cos\theta)\cap S_{1}^{n}=\{x\in \mathbb{R}_{1}^{n+1}|\langle x, v\rangle=\cos\theta, \langle x,x\rangle=1\}(v\in H^{n}(-\sin^{2}\theta))$
$HQ_{d}(v, \cos\theta)$ $\theta-fiat$ elliptic hyperquadric $\theta=0$
parabolic hyperquadric $HQ_{d}(v, \cos\theta)=HS_{d}(v, 1)$ $\theta=\frac{\pi}{2}$ flat elliptic
hyperquadric $HQ_{d}(v, \cos\theta)=HE_{d}(v, 0)$ $\theta-fiat$ elliptic hyperquadric $|$
Proposition 4.1. $\mathbb{N}_{\theta}^{h\pm}$ spacelike hypersurface $M_{d}$ $\theta-flat$ elliptic
hyperquadric
$U$ embedding $x^{d}$ $dx^{h}(u),$ $dN_{\theta}^{h\pm}(u)$
$dx^{h}(u),$ $dN_{\theta}^{h\pm}(u)$ : $T_{p}\Lambda f_{d}arrow T_{p}\Lambda f_{d}$ $d\mathbb{N}_{\theta}^{h\pm}(u)=\cos\theta id\tau_{p}A4_{d}\pm$
$dx^{h}(u)$
$S_{\theta}^{h\pm}(p)$ $:=-d\mathbb{N}_{\theta}^{h\pm}(u)$ $\Lambda I_{d}$ $p$
$\theta$-hyperbolic shape operator
$A_{p}:=-dx^{h}(u)$ $\Lambda$. $p$ hyperbolic shape operator
$\overline{\kappa}_{\theta}^{h\pm}(p),$
$\kappa_{p}$ $S_{\theta}^{h\pm}(p)=-\cos\theta id_{T_{p}\Lambda I_{d}}\pm A_{p}$
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$v$ $S_{\theta}^{h\pm}(p)$ $A_{p}$
$\overline{\kappa}_{\theta}^{h\pm}(p)=-\cos\theta\pm\kappa_{p}$ $K_{\theta}^{h\pm}(u):=\det S_{\theta}^{h\pm}(p)$ $\Lambda f_{d}\dot{\text{ }}$
$p$
$\theta$-hyperbolic Gauss Kronecker curvature $K(u):=\det A_{p}$
$\Lambda$
$p$ hyperbolic Gauss Kronecker curvature
$U$ $u$ $($ $p=x^{d}(u))$ $\Delta$ $\theta$-umbilic point $S_{\theta}^{h\pm}(p)=$
$\overline{\kappa}_{\theta}^{h\pm}(p)id_{T_{p}AI_{d}}$ Ap $=\kappa$pidTpM
$\theta$ umbilic point
spacelike hypersurface $M_{d}$ totally umbilic A $p$
umbilic point





$(a)0<|\kappa|=|\overline{\kappa}_{\theta}^{h\pm}+coe\theta|<1$ $MM_{d}$ elliptic hyperquadr $c$
$(b)1<|\kappa|=|\overline{\kappa}_{\theta}^{h\pm}+\cos\theta|$ MU hyperbolic hyperquadric
$(c)|\kappa|=|\overline{\kappa}_{\theta}^{h\pm}+\cos\theta|=1$ $\Lambda f_{d}$ pambolic hyperquadric
$(d)\kappa=\overline{\kappa}_{\theta}^{h\pm}+\cos\theta=0$ $\Lambda f_{d}$ flat elliptic hyperquadric
(2) $\overline{\kappa}_{\theta}^{h\pm}=0$ $\Lambda f_{d}$ $\theta-flat$ elliptic hyperquad $c$
umbilic point $p$ $\overline{\kappa}_{\theta}^{h\pm}(p)=0$ $\theta^{\pm}-flat$ point
Proposition 4.2. $\theta-flat$ elliptic hyperquadric totally unibilic $\theta-flat$
$i=1,$ $\ldots,$ $n-1$ $x_{u}^{d_{:}}$ spacelike $g_{ij}(u):=\langle x_{u_{i}}^{d}(u),x_{u_{j}}^{d}(u)\rangle$









Proposition 4.3 ($\theta$-Weingarten ). $(g^{kj})=(g_{kj})^{-1},$ $((\overline{h}^{\theta\pm})_{j}^{i})=(\overline{h}_{ik}^{\theta\pm})(g^{kj})$
$N_{\theta u_{i}}^{h\pm}=-\sum_{j=1}^{n-1}(\overline{h}^{\theta\pm})_{j}^{i}x_{u_{j}}^{d}$
$\theta$- $((\overline{h}^{\theta\pm})_{j}^{i}(u))=-\cos\theta I_{n-1}\pm(h_{ik}(u))(g^{kj}(u))$
$\theta$-Weingarten $\theta$-hyperbolic shape operator $S_{\theta}^{h\pm}(p)$
$((\overline{h}^{\theta\pm})_{j}^{i}(u))$ $\theta$-hyperbolic Gauss Kronecker curvature $K_{\theta}^{h\pm}$
Corollary 4.4.
$K_{\theta}^{h\pm}= \frac{\det(\overline{h}_{ij}^{\theta\pm})}{\det(g_{kl})}$
$M_{d}$ $p=x^{d}(u)$ $K_{\theta}^{h\pm}(u)=0$ $\theta^{\pm}$-parabolic point
$\theta$-hyperbolic Gauss image $N_{\theta}^{h\pm}$ $\theta^{\pm}$-parabolic point
4.2 $\theta$-height function
Spacelike hypersurface $x^{d}$ : $Uarrow S_{1}^{n}$ $0 \leq\theta\leq\frac{\pi}{2}$ $\theta$ $x^{d}$ $\theta-$height
function
$H_{\theta}^{h}:U\cross H^{n}(-\sin^{2}\theta)arrow \mathbb{R}$
$(u, v)\mapsto\langle x^{d}(u),$ $v\rangle-\cos\theta$
$\theta=0$ $H_{\theta}^{h}$ (u, v) $=\langle x^{d}(u),$ $v\rangle-1,$ $\theta=\frac{\pi}{2}$ $H_{\theta}^{h}$ (u, v) $=\langle x^{d}(u),$ $v\rangle$
[5] lightcone height function$(\theta=0)$ , hyperbolic height function$( \theta=\frac{\pi}{2})$
Proposition 4.5. $\theta$-height function $H_{\theta}^{h}$
1. $H_{\theta}^{h}$ (u, v) $=0$ $\mu,$ $\xi_{1},$ $\ldots,$ $\xi_{n-1}\in \mathbb{R}$
$v=\cos\theta x^{d}(u)+\mu x^{h}(u)+\sum_{i=1}^{n-1}\xi_{i}x_{u_{*}}^{d}.(u)$
2. $H_{\theta}^{h}$ (u, v) $= \frac{\partial H_{\theta}^{h}}{\partial u_{1}}$ (u, v) $= \cdots=\frac{\partial H_{\theta}^{h}}{\partial u_{n-1}}$ (u, v) $=0$ $+$
$v=\cos\theta x^{d}(u)\pm x^{h}(u)=N_{\theta}^{h\pm}(u)$
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$v_{0}\in H^{n}(-\sin^{2}\theta)$ $\theta$-height function $h_{\theta v_{0}}^{h}$
$h_{\theta v_{0}}^{h}:Uarrow \mathbb{R}$, $h_{\theta v_{0}}^{h}(u)=H_{\theta}^{h}(u,v_{0})$
$h_{\theta v_{\text{ }}}^{h}(u)$ Hesse $Hess(h_{\theta v_{0}}^{h})(u)$
Proposition 4.6. $v_{0}^{\theta\pm}=N_{\theta}^{h\pm}(u_{0}),$ $p=x^{d}(u_{0})$
1. $p$ $\theta^{\pm}$ -pambolic point $+$ det Hess $(h_{\theta v_{0}^{\theta\pm}}^{h})(u_{0})=0$
2. $p$ $\theta^{\pm}$ -flat point $+$ rank $Hess(h_{\theta v_{0}^{\theta\pm}}^{h})$ (uo) $=0$
4.3 $\theta$-hyperbolic Gauss image as wave front




$F$ $\sum_{*}(H_{\theta}^{h})=\{(u, v)|H_{\theta}^{h}(u, v)=\frac{\partial H_{\theta}^{\dot{h}}}{\partial u}(u, v)=0\}$
Proposition4.5. $\sum_{*}(H_{\theta}^{h})=\{(u,N\theta h\pm(u))|u\in U\}$ $\theta$-height function $H_{\theta}^{h}$
Proposition 4.7. $H^{\theta}$ $( u, v)\in\sum_{*}(H^{\theta})$ Morse
Legendrian $\sum_{*}(H_{\theta}^{h})$ Legendrian immersion germ
$\mathcal{L}_{\theta}^{h\pm}$ $\mathcal{L}_{\theta}^{h\pm}$ wave front $\theta$-hyperbolic Gauss image
4.4 contact with $\theta$-flat elliptic hyperquadric
spacelike hypersurface $\Lambda f_{d}$ $\theta-flat$ elliptic hyperquadric
$x^{d}$ : $Uarrow S_{1}^{n}$ spacelike hypersurface $0 \leq\theta\leq\frac{\pi}{2}$
$H^{n}(-\sin^{2}\theta)\ni$ vo $\text{ _{}\theta v_{O}}^{h}:S_{1}^{n}arrow \mathbb{R}$ $\text{ _{}\theta v_{\text{ }}}^{h}(x)=\langle x$ , vo $\rangle-\cos\theta$
$\text{ _{}\theta v_{0}^{-1}}^{h}(0)=\{x\in S_{1}^{n}|\langle x,v_{0}\rangle=\cos\theta\}=S_{1}^{n}(-1)\cap HP(v_{0}, \cos\theta)=HQ_{d}(v_{0}, \cos\theta)$
$\theta-$ frat elliptic hyperquadric $v0=N_{\theta}^{h\pm}(uo)=:v_{0}^{\theta\pm}\in H^{n}(-\sin^{2}\theta)$
$\text{ _{}\theta v_{O}^{\theta\pm^{-1}}}^{h}(0)$ spacelike hypersurface $M_{d}=x^{d}(U)$ $p=x^{d}$ (uo)
Theorem 3.8. $f_{i}$ $g\iota$ $\text{ _{}v_{O}^{\theta\pm}}^{\theta}$ $x^{d}$ $\text{ _{}\theta v_{0}^{\theta\pm^{-}}}^{h}(0)=HQ_{d}(v_{0}^{\theta\pm}, \cos\theta)$
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$M_{d}$ $P$ tangent $\theta-fiat$ elliptic hyperquadric $THQ_{d}^{\pm}(x^{d},u0;\theta)$
$i=1,2$ $x_{i}^{d}$ : $(U, u_{i})arrow(S_{1}^{n},x_{i}^{d}(u_{i}))$ spacelike hypersurface
$\theta$-hyperbolic Gauss image $N_{\theta i}^{h\pm}$ , Legendrian immersion $\mathcal{L}_{\pm\theta i}^{h},$ $\theta$-height function
$H_{\theta i}^{h}$ , $u_{i}$ $v_{i}^{\theta\pm}=N_{\theta i}^{h\pm}(u_{i})$ $\theta$-height function $h_{\theta i,v_{i}^{\theta\pm}}^{h}(u)$
Legendrian
Theorem 4.8. 2 spacelike hypersurface $x_{i}^{d}$ Legendrian immersion gem
$\mathcal{L}_{\theta i}^{\pm}$ Legendrian
1. $N_{\theta 1}^{h\pm}$ $N_{\theta 2}^{h\pm}$ $\mathcal{A}$-
2. $\mathcal{L}_{\theta 1}^{h\pm}$ $\mathcal{L}_{\theta 2}^{h\pm}$ Legend $an$
3. $H_{\theta 1}^{h}$ $H_{\theta 2}^{h}$ $\mathcal{P}-\mathcal{K}$
4. $h_{\theta 1,v_{1}^{\theta\pm}}^{h}$ $h_{\theta 2,v_{2}^{\theta\pm}}^{h}$ $\mathcal{K}$-
5. $K(x_{1}^{d}(U), THQ_{d}^{\pm}(x_{1}^{d}, u_{1};\theta):x_{1}^{d}(u_{1}))=K(x_{2}^{d}(U), THQ_{d}^{\pm}(x_{2}^{d}, u_{2};\theta):x_{2}^{d}(u_{2}))$
Spacelike hypersurface $x^{d}$ uo $\in U$ $(x^{d-1}(THQ_{d}^{\pm}(x^{d}, u0;\theta)), uo)$ $x^{h}$
positive(negative) tangent $\theta-flat$ elliptic hyperquadrical indicatrix germ
$\mathbb{N}_{\theta}^{h\pm}$ $\mathcal{A}$-
4.5 Spacelike de Sitter Monge forms
[5] $S_{1}^{n}$ spacelike hypersurface spacelike de Sitter Monge
form $n=3$ $U$ $\mathbb{R}^{2}$ $0$
$c\infty$ $f:Uarrow \mathbb{R}$ $f(O)=0,$ $f_{u_{i}}(0)=0(i=1,2)$
spacelike de Sitter Monge $formx_{f}^{d}$ : $Uarrow S_{1}^{3}$
$x_{f}^{d}(u):=(-f(u), -\sqrt{1+f^{2}(U)-u_{1}^{2}-u_{2}^{2}}, u_{1}, u_{2})$
$S_{1}^{n}$ spacelike surface spacelike de Sit-
ter Monge form [5] $x_{f}^{d}(0)=$
$(0, -1,0,0).x_{f}^{h}(0)=(1,0,0,0)$ $\mathbb{N}_{\theta}^{h\pm}(0)=(\pm 1, -\cos\theta, 0,0)$ $x_{f}^{d}(0)=$
$p,$ $N_{\theta}^{h\pm}(0)=v_{0}^{\theta\pm}$
$v_{0}^{\theta\pm}$ $\theta-flat$ elliptic quadric $HQ_{d}(v_{0}^{\theta\pm}, \cos\theta)$ space-
like de Sitter Monge form $x_{HQ_{d}^{\pm}}^{\theta}$ : $Uarrow S_{1}^{3}$ $0< \theta\leq\frac{\pi}{2}$ $\theta$
$x_{HQ_{d}^{\pm}}^{\theta}(u)=(\mp\frac{\cos\theta}{\sin^{2}\theta}(1-\sqrt{1-\sin^{2}\theta(u_{1}^{2}+u_{2}^{2})}), -1+\frac{1}{\sin^{2}\theta}(1-\sqrt{1-\sin^{2}\theta(u_{1}^{2}+u_{2}^{2})}), u_{1}, u_{2}))$
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$\theta=\frac{\pi}{2}$ flat elliptic quadric spacelike de Sitter Monge
form $\theta$ $0$ parabolic quadric spacelike de Sitter Monge form
$x_{HQ_{d}^{\pm}}^{\theta}(U)$ $x_{f}^{d}(0)=p$ $x_{f}^{d}(U)$ $x_{HQ_{d}^{\pm}}^{\theta}(U)$
$x_{f}^{d}(U)$ $p=x_{f}^{d}(0)$ tangent $\theta-flat$ elliptic quadric $THQ_{d}^{\pm}(x_{f}^{d},0;\theta)$




Poincar\’e ball model $D=\{(x_{1}, x_{2}, x_{3})|x_{1}^{2}+x_{2}^{2}+x_{3}^{2}<1\}$
hyperbolic Poincare$\acute$ ball model hyperbolic metric
$ds^{2}= \frac{4(dx_{1}^{2}+dx_{2}^{2}+dx_{3}^{2})}{1-x_{1}^{2}-x_{2}^{2}-x_{3}^{2}}$
canonical isometric diffeomorphism $\Phi$ : $H_{+}^{3}(-1)arrow D$
$\Phi(x_{0},x_{1}.x_{2}, x_{3})=(\frac{x_{1}}{x_{0}+1}, \frac{x_{2}}{x_{0}+1}, \frac{x_{3}}{x_{0}+1})$
$f(0)=f_{u_{i}}(0)=0$ $f(u_{1}, u_{2})$ $D$
H-Monge form
Example 5.1. $f(u_{1}, u_{2})= \frac{\cos}{\sin}$2 $\theta\theta(1-\sqrt{1+\sin^{2}\theta(u_{1}^{2}+u_{2}^{2})})+\frac{2}{3}u_{1}^{3}-u_{2}^{2}$ $\kappa_{1}=$
$-\cos\theta,$ $\kappa_{2}=-\cos\theta-2$ $\theta$ -de Sitter Gauss-Kmnecker curvature
$K_{\theta}^{d+}(0)=0,$ $K_{\theta}^{d-}(0)=4\cos\theta(\cos\theta+1)$ $0$ $\theta^{+}arrow pambolic$ point
$x_{f}^{h}$ tangent $\theta-flat$ hyperbolic quadirical indicatrix $x_{f}^{h-1}(THQ_{h}^{+}(x_{f}^{h}, 0;\theta))=$
$\{u\in U|\frac{2}{3}u_{1}^{3}-u_{2}^{2}=0\}$ ordinary cusp $\theta=\frac{\pi}{4}$ $\Phi$ox$hf^{(U)}$




$\theta\neq\frac{\pi}{2}$ $0$ $\theta^{-}$ -parabolic point $\theta=\frac{\pi}{2}$ $0$
$\theta^{-}$ -parabolic point $\theta=\frac{\pi}{2}$ $x_{f}^{h}$ tangent $\theta-flat$ hyperbolic quadri $cal$
indicatHx $x_{f}^{h-1}(THQ_{h}^{-}(x_{f}^{h}, 0;\theta))=\{u\in U|\frac{2}{3}u_{1}^{3}-u_{2}^{2}=0\}$ ordinary cusp
Example 5.2. $f(u_{1}, u_{2})= \frac{\cos}{\sin}$2 $\theta\theta(1-\sqrt{1+\sin^{2}\theta(u_{1}^{2}+u_{2}^{2})})+u_{1}^{4}-u_{2}^{2}$ $\kappa_{1}=$
$-\cos\theta,$ $\kappa_{2}=-\cos\theta-2$ $\theta$ -de Sitter $Gat\underline{1}_{\iota}SS$-Kronecker curvature
$K_{\theta}^{d+}(0)=0,$ $K_{\theta}^{d-}(0)=4\cos\theta(\cos\theta+1)$ $0$ $\theta^{+}$ -pambolic point
$x_{f}^{h}$ tangent $\theta-flat$ hyperbolic quadrical indicatrix $x_{f}^{h-1}(THQ_{h}^{+}(x_{f}^{h}, 0;\theta))=$
$\{u\in U|u_{1}^{4}-u_{2}^{2}=0\}$ tachnodal $\theta=\frac{\pi}{4}$ $\Phi ox_{f}^{h}(U)$
$\theta-flat$ hyperbolic quad $c\Phi\circ x_{HQ_{h}^{+}}^{\theta}(U)$
tachnodal
surface flat tachnodal
$\theta\neq\frac{\pi}{2}$ $0$ $\theta^{-}$ -parabolic point $\theta=\frac{\pi}{2}$ $0$
$\theta^{-}$ -parabolic point $\theta=\frac{\pi}{2}$ $x_{f}^{h}$ tangent $\theta-flat$ hyperbolic quadrical
indicatrix $x_{f}^{h-1}(THQ_{h}^{-}(x_{f}^{h}, 0;\theta))=\{u\in U|u_{1}^{4}-u_{2}^{2}=0\}$ tachnodal
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